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More thorough investigations have analyzed the propagation of waves (dispersion curves) for the plate without fluid loading, 3 and for the plate in contact with a continuous fluid on one or both sides. 4 -6 Recently, closed-form solutions to the equations of motion were derived for an infinite thick plate coupled on one or both sides with fluid loading as it is excited with a continuous forcing function. 7 These previous studies'- 7 provided a thorough basis for understanding plate theory; however, they did not take into account the addition of attached structural components.
The inclusion of periodic mass or stiffness elements in structures has been used for years as a method to obtain the desired static and dynamic response of a system. Numerous investigations of this system have been undertaken to determine the farfield acoustic radiation pattern.
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Throughout the past studies, a model was loaded with a line or point source and the resulting acoustic field was predicted. The problem that has largely been ignored is the displacement field of a thick plate containing periodic masses or stiffeners when it is excited by an incoming acoustic plane wave. In a thin or thick plate with embedded masses, the displacement and stress fields are subjected to different forces than they would otherwise encounter in a homogeneous plate.
This report derives the equations of motion of a fluid-loaded thin plate that contains embedded masses when it is forced by an acoustic plane wave at a specific wavenumber. The thin plate equations of motion are coupled to the fluid and masses and then manipulated to determine the displacement field. This method is then expanded to Timoshenko-Mindlin equations of motion, as well as to thick plate theory using finite-element solutions. Finally, the thick plate equations of motion containing bottom attached masses are formulated and the resultant problem is discussed. 
where E is Young's modulus of the plate and v is Poisson's ratio of the plate. The acoustic pressure in the fluid is governed by the wave equation and is written as
wherep(x,z,t) is the pressure in the fluid and cf is the compressional wavespeed in the fluid. The interface at the fluid and solid surface of the plate at z = b satisfies the linear momentum equation
and is written as
where Pf is the density of the fluid. Assuming harmonic response and loading in space and time, equations (1), (3), and (4) can be combined. The resulting expression is the displacement in the z-direction divided by the incident pressure P 1 and is written as
where kx is the wavenumber with respect to the x-axis, w is frequency, and y"is the acoustic wavenumber written as
TIMOSHENKO-MINDLIN PLATE WITHOUT MASSES
The second model investigated is that of a thin plate that includes the effects of rotary inertia and transverse shear, generally called a Timoshenko-Mindlin plate. This plate is also in contact with a fluid load on top. The equation of motion for this plate is12
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Ot27 where G is the shear modulus of the plate and K is the shear coefficient of the plate, typically computed for a rectangular section using
(8) 6-v Assuming harmonic responses in space and time, equations (3), (4), and (7) can be combined.
The resulting expression is the displacement in the z-direction divided by the incident pressure and is written as
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THICK PLATE WITHOUT MASSES
The third model investigated is that of a thick plate-this model is sometimes referred to as the exact or complete solution. The equation of motion for a three-dimensional medium is' 3 /uV 2 u+(A +P)VVu -= d 2u (10) where 2 and p are the Lam6 constants, • denotes a vector dot product; and u is the Cartesian coordinate displacement vector of the plate. Assuming harmonic response in space and time,
equations (3), (4), and (10) can be combined. The resulting expression is the displacement in the 7 z-direction divided by the incident pressure and is written as
where z is the spatial location (in meters), and
and
The constants in equations (12) and (13) are
f5 (kx2o) = -8a,6k2(,82 _ 2 )2 (18)
In equations (12) through (21), a is the modified wavenumber associated with the dilatational wave and is expressed as
where kd is the dilatational wavenumber and is equal to (o/cd, with cd being the dilatational wavespeed (m/s);and /8 is the modified wavenumber (rad/m) associated with the shear wave and is expressed as
where ks is the shear wavenumber (rad/m) and is equal to w/cs, with cs being the shear wavespeed (m/s). The relationships between wavespeeds cd and cs and the plate's Lam6 constants 2 and p are determined by
Finally, the relationships between the Lam6 constants and Young's modulus, shear modulus, and Poisson's ratio are given by
(1 + v)(l -2v) and
COMPARISON OF MODELS WITHOUT MASSES
The models without masses are now compared using a numerical example. The properties of the plate and fluid are listed in table 1. The results are displayed graphically as magnitude of normalized velocity divided by incident pressure (a dimensionless quantity) versus wavenumber.
This expression is determined by
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PLATE MODELS WITH PERIODIC MASSES
The three plate models (thin plate, Timoshenko-Mindlin plate, and thick plate) are now modified to account for periodic masses, which act as applied forces; see the right-hand side of equations (1), (7), and (10) . A diagram of the modeled system is shown in figure 25 . where M is the mass per unit length of the masses, L is the spacing between adjacent masses, and t is the Dirac delta function. The problem is transformed into the wavenumber-frequency domain using
Implicit in equations (31) through (33) is that the medium has infinite extent in the x-direction.
Inserting equation (32) into equation (3) yields
Then, inserting equations (31) and (34) into equation (4) at z = 0 gives the expression
The periodic mass term in equation (30) 
The substitution of
L is now applied to equation (38) yielding
Taking the infinite summation of equation (41) with respect to m gives
Using the shifting property of infinite summations, the second term on the right-hand side of equation (42) can be changed to 23 ooFoo(
Inserting equation (43) into equation (42) yields
Solving for the summated displacement term yields
After some rearrangement, the displacement of the system becomes (48) is the displacement of the system with periodic masses. Note that when M = 0 or L -4 oo, the expression is identical to equation (5), and when M -+ 00, the limit of the expression is equal to zero.
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Two different example problems are now computed for the thin plate response with periodic masses. Figure 26 is an image of thin plate normalized velocity versus wavenumber and frequency generated using equations (28) and (48) for M= 1.0 kg/m and L = 0.01 meter. Figure 27 is an image of thin plate normalized velocity versus wavenumber and frequency generated using equations (28) and (48) . ....... ......... . .. .. ................... ............ ............................... .i . ........... ...................... . . 2 0 ...................... .. .. ... .. . .... ......................... 20 .......... ............ 
TIMOSHENKO-MINDLIN PLATE WITH MASSES
The second model investigated is that of a thin plate with rotary inertia and shear containing the periodic masses with a fluid load on top. The equation of motion of this system is
where the interaction of the fluid and the plate contains rotary inertia and shear effects, and the interaction of the discrete masses with the plate does not contain rotary inertia or shear effects. This assumption has been included to greatly simplify the model. As with the thin plate, the displacement can be determined by
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Note that when M= 0 or L -4 oo, the expression is identical to equation (9); when M -00, the limit of the expression is equal to zero.
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The two example problems that were computed for the thin plate response with periodic masses are now repeated for the thin plate with rotary inertia and shear effects. Figure 32 is an image of Timoshenko-Mindlin plate normalized velocity versus wavenumber and frequency generated using equations (28) and (50) for M= 1.0 kg/m and L = 0.01 meter. Figure 33 is an image of Timoshenko-Mindlin plate normalized velocity versus wavenumber and frequency generated using equations (28) and (50) 
THICK PLATE WITH MASSES
Thick plate theory is now investigated using the finite-element method. The problem of added mass with L = 0.01 meter and M= 4.0 kg/m is modeled using SARAH2D, a commercial finite-element program. 14 Initially, the plate is modeled without masses and compared to the results from equation (11) . Figure 38 shows the finite-element analysis results for the fluidloaded plate without the masses, and figure 39 shows the same results using thick plate theory. Note that these two figures are nearly identical except for grid discretization. 
ELASTICITY EQUATIONS OF MOTION
The derivation of the fully elastic equations of motion are presented below. An earlier report 7 derived the following stress relationships at the surface of the plate for normal and tangential stress, respectively:
rz(x,b,t) = (2 + 2,u) du(xb,t) 4 
CONCLUSIONS
This report has derived the quations of motion of a fluid-loaded thin plate that contains embedded masses when it is forced by an acoustic plane wave at a specific wavenumber. The equations were copled to the fluid and the masses and then manipulated to determine the displacement field. The method was then applied to a Timoshenko-Mindlin plate and to a thick plate.
Several conclusions were supported by this study. For a soft elastomeric-type material with thickness of 0.04 meter or less, thin plate equations of motion are valid to about 1.5 kHz, and Timoshenko-Mindlin plate equations of motion are valid to around 3.5 kHz. These results are independent of periodic masses. The problem of periodic masses in a thin plate and in a Timoshenko-Mindlin plate with a fluid load on the top and a plane acoustic wave excitation have been derived and analyzed using different size masses. The problem of periodic masses in a thick plate with a fluid load on the top and a plane acoustic wave excitation has been analyzed using finite element methods for one size mass. The problem has also been formulated using thick plate equations of motion.
It is recommended that the thick shell equations of motion be modified to handle the periodic masses and examined to determine if a closed-form solution exists.
